Originally, as described in [12] , the SWα-equations discovered by Seiberg and Witten are 1 st -order partial differential equations, which solutions (A, φ), with φ = 0, are known as SWα-monopoles. It is known that the solutions of these 1 st -order SWα-equations correspond to the minimum of the functional SWα : Cα → R. However, it is not true that the minimum of SWα : Cα → R is always attained by this sort of solution. In fact, there are only a finite number of α ∈ Spin c (X) such that the minimum is a SWα-monopole. We show that a necessary condition to (A, φ) ∈ Cα be a SWα-monopole is that
Introduction
Let (X, g) be a closed Riemannian 4-manifold and α ∈ Spin c (X) be a spin cstructure fixed on X. The space of Spin c -strutures on X is Spin c (X) = {α ∈ H 2 (X, Z) | w 2 (X) = α mod 2}.
For each α ∈ Spin c (X), there is a vector spave V and a representation ρ α : SO 4 → Gl(V ). Consequently, there are also a pair of vector bundles (S α + , L α ) over X (see [8] ), where (P SO4 =frame bundle of T X)
• S α = P SO4 × ρα V = S α + ⊕ S α − . The bundle S α + is the positive complex spinors bundle (fibers are Spin
It is called the determinant line bundle associated to the Spin c -struture
Thus, given α ∈ Spin c (X) we associate a pair of bundles
Let P α be the frame bundle of L α . So, c 1 (P α ) = α. Now, consider the spaces
In dimension 4, the vector bundle Ω 2 (ad(u 1 )) admits a decomposition
in seld-dual (+) and anti-self-dual (-) parts ( [2] ).
The 1 st -order (original) Seiberg-Witten equations are defined over the con-
performing the coupling of the ASD -equation with the Dirac c operator. Locally, if φ = (φ 1 , φ 2 ), then the quadratic form σ(φ) is written as
A Variational Principle for the Seiberg-Witten Equation
Consider the functional
The next identities, which proofs are standard, are applied to expand the functional ( 4)
, let L α be the determinant line bundle associated to α and (A,φ) ∈ C α . Also, assume that k g =scalar curvature of (X,g). Then,
Weitzenböck formula
Consequently, after expanding the functional ( 4), we get the expression
where k g = scalar curvature of (X,g).
Remark 2.0.3. 
Since X is compact and ||
where Φ :
Remark 2.0.5.
From ( 4) and ( 5), it follows that
The equality above happens iff (A, φ) is a solution to the 1 st -order SW α -equations. Thus, the SW α -functional is bounded below by 2π 2 α 2 , where
It is known from ( [7]) that whenever (A, φ) is a solution of ( 8) and ( 9), then
It follows from Holder's Inequality that
where v X is the volume of X. The next proposition was orinally proved in [12] .
Proof. It follows fro the Weitzenböck formula that
By taking the inner product with φ and integrating, we get
Consequently, applying ( 14), we get
Since φ = 0, we can apply the last inequality to estimate || F
Proposition 2.0.7. Let α ∈ Spin c (X) and (A, φ) be a SW α -monopole. So,
Proof.
Therefore,
Applying the inequality ( 11), we get that
Consider the quadratic function f : R → R defined as
If the inequality f (x) ≤ 0 is not satisfied by any x ∈ R, then φ = 0. The discriminant of f is
The inequality ( 14) will be satisfied if and only if △ ≥ 0, since f " (x) > 0 and min x∈R f (x) = − △ 4 . Therefore,
Since SW α (A, φ) ≥ 2π 2 α 2 , the lower upper bound of the SW α -functional is
In this way, if (A, φ) (φ = 0) satisfies the 1 st -order SW α -equation then
The inequalities obtained impose necessary concitions in order to (A, φ) be a SW α -monopolo. Basically, it is necessary that
or, equivalently,
